An Introduction to Copulas

- Which Copula is the right one?
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Expect the unexpected
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Copulal R4

o Risk Factor 2t0f| 2| &4 (Dependency)= =&

D&Y A2t dE2H O &S UHEIUHAIC 2l =sAIE2H2] 2
HI & & 2t Hl (Non-linear dependency)E Q! 4!
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® Elliptical distributions - linear dependence structure - correlation coefficient meaningful
® Non-elliptical distributions - alternative measures of dependence needed = Copulas

o CtHES SEZ =2 CopulaZ 0I1Z0tH g H H &S

0 1940's : Hoeffding studies properties of multivariate distributions

01959 : The word copula appears for the first time (Sklar)

01999 : Introduced to financial applications (Embrechts, McNeil, Straumann)
02006 : Several insurance companies, banks and other financial institutions apply
copula as a Risk management, Credit Derivatives, CDO, Options etc
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/_Copula 8t4=2| 0l ol
=l J

L Copula &= S& &t 54 X (dependence structure)ES NotHM CHS SHE2EZS+E FHD
S &8t &=+ (is a function that links univariate marginals to their full multivariate distribution)
m Copulag=cs UBHYE 2L HEF @ﬁl‘f‘—i%*¢(marg|ns)§ HB A= &t+=E 2l0|ctH GI0IH ALOIL]
S5 AL HEN=S =22 E 2ot LS C2ZM FE U AEdI0/8= S0
o CDF
F (X, %) =P[X; <X, X, <x] F(x,)=P[X,<x] F(x)=P[X, <x]
o Copula fun (Sklar’'s theorem)
— 2
C(u;,u,) =F(x,x,) Co(F(x), F, (%)) = F (X, X,)
o Property of copula 1
C(u,u,) O<u,u <1 5 =)
11092 =YYy =
0<C(u,u,)<1 F(x)=u,

C(u,)=u,  C@Lu,)=u,
C(u,)=F(x,X) P[X <x]=u P[X,<x]=1 X, =00
C(u,) =F(x,x,)=P[X,<x,X,<0] =P[X,<x]=y,
C(u,,0)=[0,u,]x[0,0]=0
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« Standard Normal function : N(0,1) « Copula Function
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*X,=2.3und x,=-0.6
va;= AX, <2.3]=0.99
'32= HX25'016]= 0.2?

-4.0 -3.0 -2.0 -1.0 0.0 1.0 2.0 3.0 4.0

C(01,02) =F(-128,-084) =F(x, x,) =P{X, <-1.28,X, <-0.84] =6.90%
~[0,0.1]x[0,0.2] /1000 = > 2012 produc

Where F(x,)=P[X,<x]=0.1 X, =-1.28
|
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2 dimension copula

C:[0,1]1x[0,1] —[0.1] u,.u,,v,,v, €[0,1]

u, <u, ElIld vV, <V,

C(u,,v,)-C(u,,v,)-Cu,,v,)+C(u,,v;) =0

For all (ay,...,a,), (b, ... b,) € [0,1]" with a; < b; we have:
2 2
i1=1 in=1
where x5 = a; and x, = b, forall 3 € {1.....n}
2 2
z zt—l)ﬂ-i_mf—-f(-rlaj . 1’2-553 =)
'fj=1'i2=1

2
= E [(—1)”4—15‘(3’1{1- Ta) + (—1]”-"3{—_-":1'1-51-.l'gz:l] =0
i1=1

= [ — lj Clry, 121J+L—1J Clx, 12?J+L—1J3Gf111 121}—|—|'—1,I1CI'11': Taz) = 0

= ﬂr_fL.I‘11 I-_.1'|_|:‘_ L-rll .I‘g:-'l—cl'ﬁl.lﬁ 121J+CLE12 E'-'Q_.l =10

with x5 = a; and x5 = b; for all 37 € {1,2} 1t follows:

l!'__.'|:|:'r,1. ft,g:l — C{ahbﬂ - G'ibl- '-"?2:' + G(bl-. 'E'E) = 0 (2'3-3
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o Copula function vs Cumulative Distribution :Normal case
o=30 % 0=0 % o0 =-90 %
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Multivariate Copula Function

C(F(x),F(X,), -, F.(X.),p) =PrlU, < F(xX,),U, <F(X,),,U_ <F_(X.,)]
=Pr[F,*(U,) < x,,F,*U,) < X, ,F-*(U,_) < x_]
=Pr[X; < x, X, <X,, X, <X.]

= F(X,, X5y, X))

The marginal ditribution of X

C(F,(+x),F,(#0),---,F,(X.), :-F_(+x), p) = Pr[F,(+x), F,(+0), -, F (X)) ---F__ (+0), p]
=Pr[X; < 4w, X, < 400,--, X, <X, X < 400]
= Pr[X, < x]
- F(x)

> F(X., X,, -, X ) = C(F,(x,),F,(X,), -, F_(X_), p)
=) C(u,u,,u. )= (®U),d(U,), -, P (U.); p)

]
] 10
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HTEZZ|L9 &< : Correlation Bt

—»C(ul,uz, ........ un):Pr[Xléxl,Xzsx2 ..... X, <X ]
U : 2SEZol s
S CRUR u,) F (%)) F, (%, )eveeerrrnne F (x)
U, Uy, u <[0,1]"
F(X) =y,
X =F(u)"
F (X, Xy X ) =C[F (X)), F,(X,) e eeeinnne. F (x)]
CHee &N 818 21
Sklar Representation & 2|
C (X Xy yerannnn, X )=F[F7(X), F,7(X,) e, F = (x)]
C(u)=P(Uq < Uh < o Ug < Ug) = | ujdu I
| /“ --/3 L ] 11
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Copula &%

Definition (Definition

N- C

of copula function)

X2l Copula :[0,1]" — [0,1]= usn ze sss simcie g4
(1) C = &9 &=(grounded)0|] n-SJ &=
@ ceu e [0 1]adatel C.(u) =C(1,..,1,u,l,... 1) =u
(3) C = n— =Jt&4=(increasing function)
@ (x...x)cosmeezezozes > ()N QA ZHHD HY 2N 245 2H

(1) Correlation structure
: find the co-movement between variables may be viewed as a part of

dependence

structure

(2) the product of marginal probability density functions

. fit the individual marginal distribution and estimate their parameters (which can
be achieved using regular statistical methods

* Sklar2| & 2l= copul

> 0iE Chee
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Theorem (Sklar’s Theorem)

F(X.,, X, ) = C(F (X),..., F, (X))
OF(Xy,...,X,) 0C(F (X.),...,F,(X,))

f(Xy--an X)) = P = o
Kye 0%y X;.-OX, C(ﬂ)—f(xi ...... X )
_ 8C(Ul o Ul) XHaF (X)) Hfi()g)
aul i V :
=c(u,,..., un) x []f.(x) = c(u) < TTf.0<)
f(X ey, X ) = F ()2 & <(probability density function)
u=FX) 1=1,., n
u=(Uu,...,u,)
c(U) £ Copula®l density function B '
I
—
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= Copulafunction property (bi-variate)
— C(u, v) is between [0,1] and u, v are uniformly distributed [0,1]
C(,v)=
C(u, 1) = u;
C(u, v) is a 2-increasing function
m Special copula functions
— Minimum copula : C(u, v) = max(u+v-1, 0)
— Maximum copula : C(u, v) = min(u, v)
— Gaussian copula : C(u, v) = ®_ (D (v), ®(u))
— Student t-copula : C(u, v) = t, ((t;"(u), t;(v))

— And more ...

For Credit Risk
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Example 1: Independence copula

olf U~ U0, 1) and V ~ U(O, 1) are independent, then
oCu,v)=uv==PU=uP(V=v)=PWU = u,V=v)=H(u,v),
0 where H(u, v) is the distribution function of (U. V). C is called the independence copula.
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Example 2: Gaussian copula

C(u,v) =

¢t (u) g1 (V) 1

I ary©

Example 3: Student’s copula

C, r(u,v) =

o v is the degrees of freedom and R is the linear correlation coefficient.

For Credit Risk

t, 5 (W (V) 1

—'[o —'[o 272'(1_Ri22)1/2

Xp{-

{1+

=l

X? = 2R Xy +Yy*

2 2
X 2R12x32/ +Yy YTdxdy
2(1 _ R12)

}—(v+2) /2 dXdy

V(l - R122)
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Gaussian copula  C%(X) = O (D, (X,), D, (X,),+, @, (X))
Student's copula  C’(X) = t;"(t," (X)), 1,7 (X,), -, £,7 (X))

i
3 rho= 0.7
=
e
i
m=2¢1 &AL
i
5 rho=0.7,v = 4.
% ol
-
T
]
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Archimedian Copula

| Archimedean copula=

S 201 OtLl e 22
ZE&s 1XE RIT

o Archimedean copulas 40| ¢ =2 &0
closed form expression= Jt&ICH G JHAl CHE

-/ O

¢ - [0,1] — [0, «]
o thsted. @' () < 0.

e =ZE ye[0]]
e @(1)=0
¢_1 : [O’ OO] _> [O, 1] f:.'j[_l] (}‘:I = <;-¢j_1 [:Ij fﬂ?l D =1 _: Q{D)
' 0 for @0)=t=w
o @ I =242 IHXH copula B 4= LIS 20| Holg
g2 ¢:[01]° = [0.1]:
Clu.v) = @ () + ()]
I
I 17
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Elliptical Copula

= Implied by well-known multivariate df's, derived through Sklar's theorem

= Extends the multivariate normal Ng(w, ).

- Extend to arbitrary dimensions and are rich in parameters. A d-dim elliptical
copula has at least d(d — 1)/2 parameters

- Easy to simulate

- Drawback: Do not have closed form expressions and are restricted to have radial
symmetry

Examples: Gaussian copula, Student’s t copula

Archimedean Copula

The function ¢ i1s called the generator of the copula.
= Allow for a great variety of dependence structures

= Closed form expressions
= Not derived from mv df's using Sklar's theorem

= Drawback: Higher dimensional extensions difficult
Examples: Clayton copula, Gumbel copula

For Credit Risk
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0 Dependency Structure Gaussian Copula: 0=0.70 Student's t-Copula: o=0.71, v=3
] 5
4 4
3 3
2 F*;
1 i
L 0
-1 -1
-2 -2
=3 -3
-4 -4
-5 -5
L 432 4 01 2 3 4 5 £ -4 524 01 2 3 4 5
Clayton Copula: 8=2.24 Gumbel Copula: 8=2.03
5 5
4 4
3 3
2 2
1 1
L] 0
| -4
=2 -2
=3 -3
4 -
-3 -5

S o4 =32 -1 01 & 3 4 5 3432 01 2 3 4 5

O Gaussian or t—-Copula = Dependent Symetary &=1} s}=0| CHZ
Q Clayton Copula - Low tail dependence (5} dependency)
O Gumbel Copula - Upper tail dependence(&= dependency)

]
For Credit Risk
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Example 4. Gumbel copula

o (u,v) = exp{f(-Inu) + CInvy /ey PO =CInt

1<60 <

14

L3

ue

3 0 =3
0—1 Coa(u,v) = exp{-{(-Inu)" + =Inv)'T""}
Independence =exp{In(u) +In(v)} =uv =11
6 o  C&(uv)=min(u,v)
Perfect Dependence —
— 20

For Credit Risk



Copula &==2| O|of

Gumbel Copula

Gumbel Copula, 8= 200 Gumbel Copula, 8= 4.00
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Example 5: Clayton copula (explicit)

| -1/ -1 S —
C;Zayton(u,v) _ (ué’ +V6’ _1) 1/6 @ (t)_ 7 0>0

9 b o bl Vet
& .- I‘i-" 1, "Ei.,_;r.i -H. .
- * - a1 :.:,{ o i.'# w .
R EACE LR
‘ R R
- £ L L o g g "R . .
- P Jgﬁs‘ffﬁfi' P Bivariate Clayton copula (0 = 3).
& ""_,.'; teyr "
! {'-.a‘r:* *%;?vﬁ:ﬁf;#;'-,{‘f s
oo X LA A R . n —lje
™ . el 1, T i} - _
= T Faes o, Clagy vty ) = [Z ”{ﬂ_ll
= 1=
~ To 02 0.4 il 03 1.0
d
6 >0 Independence
6 — o© Perfect Dependence
|
] 22
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Clayton Copula

Clayton Copula, 8=1.01 Clayton Caopula, 8= 4.00

For Credit Risk
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Example 5: Frank copula (explicit)

e” -1
-1 -
—-6u -6v - — S
Frank 1 (e — 1) (e - 1) ¢ (t) =-In e’ 1
—00 < @ < ©
Frank Copula, 6= -10.00 Frank Copula, 8=0.00
1?&#’&? + 1 * A +
- +‘$* * . $. ot ‘:*\H» *a =
08 -,@?ﬁ{ ‘ ; L 1R O R
e M oalel
(TR 2 208 S-SRI 0B[ % #%
> PR S~ S S AR A
0.4 RAIRE S 7 3 5 A 0.4
SRS 3 ) e,
0.2} RPN & $res 0.2
*
0 . . .**::?: il P 0 e ;f * ;‘_4_
a 02 04 0B OB 1 0 2 04 0B D08 1
N |
Frank Copula, 8= 10.00 Frank Copula, 8= 2000
1 - - ——+ w 1 . . . ¥
+ 1;: ;ﬂ"*ﬂ ALY PR a
oar o **: 3 ;‘3* 08¢ + %iﬁ“ 1
* » pagth + 3
nEt . :* : ™ §+:$¢;h:ﬁ | ngt Q&ﬂ&* + L
e '+*?* *,:?g‘: ¢*f* +* = * . N LR
R SN 041 & B
i
PIKES haw . - 02le s 3
E‘iﬁ* -.-* **ﬂ\ * + Y “*'
pA=: e L : [ Bkt : ' ' E—
a 02 04 0B OB 1 0 02 04 0B 0B 1 —
¥ ¥ 24
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Dependency Structure

o Upper tail dependence

Augper =NIMPI(Y > R (u)[X = Ry (u)

upper
_1-Pr(Y <F () =Pr(Y <F(u)) + Pr(X <F(u),Y <K (u)

1-Pr(Y <F(u))
_ lim 1-2u+C(u,u)

u—1 1—u

Pr(Y < F.'(u)) =Pr(Y <F*(u))=u

_ Pr(X <F.*(u),Y <F,*(u)=C(u,u)
o Lower tail dependence

Aiower = lIMPF(Y < Fy‘l(u)\x <FHu))
u—
_Pr(X < F(u),Y < Fh(u))
P r( < Fy (u ))
. C(u,u
=lim (u,u)
u—0 u
o The tail area dependency measure depends on the copula and not on the marginal distribution
|
I 25
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QO Gaussian Copula : the coefficients of lower tail and upper tail dependence

A=A =2Im ___ OXy1-p/y1+p)=0
Q T-copula : the coefficients of lower and upper tail dependence
Ay = A =2t (v + 11~ p /{1+ p)
Q Clayton copula
A, =0 A =277
— O Gumbel copula
A, =2 -2 1, =0
Q Frank copula

21n1o9n.NS Aduapuada(

A, =0 4, =0
A . 1-2u+C(u,u) . 1-2u+exp{-[(=Inu)? +(=Inu)’T"’}
A, =lim =lim

. 1-u o 1/0 1-u
_lim 1-2u+exp{—{2(-Inu)’1""}

u—1 » 1 U
:Iim _2+2 :2_21/0 I

u—1l —1 I 26
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Dependence Dependence

Dependence J
b,

[ —————

[ Linear correlation ] [ Measures of association
il

— —— e _

)
L Concordance measures [ Tail dependence J

-

[ !

Kendall‘s tau

Spearmann‘s rho

Other concordance measures

For Credit Risk
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Fconcordant pairs — Fdiscordant pairs

Concordance function T(X,)Y) =

Fpairs
o & Data Set(two pairs)0fl CHotd CtE 10t 20| E2lg £+ US
(Xi 1yi) (Xjryj)
2 Xl(concordance) X, - )Y, -V¥,)>0
22 X|(disconcordance) (X, =)y, -V¥,) <O

H,(x,y)=C,(F(x).G(»)) H,(x,y)=C,F(x).G(»)

L Concordance function
r =Pri(%, - %,)(¥; - ¥,) > 01 - Pr[(x, - X,)(¥; - ;) < O]
=Pr{(x, - %)%, —¥2) > 01— {1-Pr[(x, - x,)(¥; —¥,) > O]}
=2{Pr{x, > %, Y, > Vo] +Prlx <X, y; <y,]} -1
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QO Spearman rank correlation

- Nonparametric Correlation

Ps(X,Y) = 12} j'{C(u,v) — uv Hdudv

ps(X,Y) = p(F (X),F,(Y))
Cov[F(X).R(Y)]1  Cov[F (X),F,(Y)]

~ Jo? IR, 00167 [R, (V)] 11
1212

= 12CoV[F,(X),F,(Y)]

=12[ [{C(X,Y) = Fr, ) OOF, o (Y) 3dxdy

1 1 1 sl
=12 {C(X,y) — xy }dxdy ps(X,Y) =12 [c [ C(u,v)dudv — 3,
: g
- 126 y C(x, y)dxdy -3 F.(X),F,(Y) - Standard uniform distribution

Cov[F,(X),F,(N1 = [ [{F () = FOOR,(v)}dxdy

29
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Q Kendall rank correlation

p,(x,v):4j jC(u,v)dC(u,v)—l
-> Nonparametric Correlation 0 0
/OT(X1Y) = ZPF[(Xl - Xz)(y1 - yz) > O] -
= 2E[1(X1_X2)(Y1—Y2)>0] B

= 2E[1 1 +1

(X —%3)>0 ~(y;-y,)>0 (Xl—X2)<01(y1—y2)<0] -1
- 2[.( .U R 1(X1—X2)>0 1(Y1—Y2)>0d|: (X2 ’ yz)dF (X11 yl)

.“J‘J‘R 1(X1 X2)<0 (y1 y2)<0dF (XZ’ yz)dF (Xl’ yl)]

- ijj 1(><1—X2)>0 1(y1—y2)>0dF (Xz’ yz)dF (Xl’ yl) -1
- 4. j F (Xl’ yl)dF (Xl’ yl) -1

R R
1 1

=4[ [C(u,v)dC(u,v)-1

0O O

Pri(x; — x,)(y, —Y,) > 0] +Pri(x; — X,)(Y; — ¥,) < 0] =1 m—m—

For Credit Risk
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Kendall's Tau for Archmedean Copula

° (U
O Clytoncopuin 7 = =2 5.
i ayton copula > o i
| 1 ;
' O Gumbel copula r=1-— i
i 0 ;
S j """" tdt
i Q Frank copula r=1-4 0 exp(t) -1 |
i % ;
I

For Credit Risk
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Testing for Elliptic Distributions
- Do we really need to worry about using Copulae at all?

« Estimating Parametric and Non-parametric Copulae
- Maximum Likelihood,;
* Full MLE or sequential / concentrated ML
- Semi-parametric estimation
« Impact of the misspecification of marginal distributions on the
estimation of copula parameters and measures of dependence
- Non-parametric methods
* How to choose the Correct Copula?
- AIC
- Goodness of Fit Tests
- Simulated Cox Tests
* Copula Quantile Regression and Tail area Dependence
- Quantile conditional relationships implied by a given copula
- Quantile dependency measures

For Credit Risk



Copula &==2| O|of

Gaussian copula®l AI2dI0|A

1) n 7= FEEAE e FvEF X =(X.. X)) = FdA35+ FEe
Rl % IFATEEESREH T3k ol& S8 oS ¢igE= ©
=3t
® RS Cholesky &3l & 4= Falcl . R= 447
e nihe] HE 59 EFAT FFWEF -=(z.5,.....2,) = Tt
e V=-A4d-=z85 HsF X = F3lr}

Gi) u,=@(X,) 2 #8sle F@AAE 2= [0, 1] F u=(u....u ) =
T3k} H:(Hl ..... Hﬂ)r% JaA T3 =He] R 9] Gaussian copulaZFFH =

3 FEHF] "o}

(ii)) F=AITF 7. 0] TARES] 92TE o159 (4y....u,) E FEAT2E
Agsle] E7|He] FE=AITHE T30
r=(r,.71, r ) =(E (). F5 (1) F (1)

=
—
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Student’s t-copulall AIZ2dI0|&

R £ Cholesky £33 & 4= F3c}.. R= 447
e nlel HE =g EERFT BEARF z=(5,.5,....2,) = T}
o x EXZ=RFH zo ¢ #EHTF sE FEr}

_ o Ny
- v=Az 255 yE Fs5}a. X:\f{_-l;_ ola rEIE=E Y = £
S
Fhot
) w, =1 (X)) E HAFsl] F@adAS 2= [0.1] H%F w=(u....u, )"

Fob u = (uy..... u ) = 3@AFHEEe] Rela ASE7F v -
HE :_u:.-l__ﬁ';:!-_'_t:-'l_—cl-ﬁ =]}
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